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1. The steady motion of an ideal gas without viscosity and thermal conductivity is governed by the differential equations (Pug) ,a = 0 (equation of continuity),
(1) P a + puoUacvf = 0 (equations of motion),
ypuo, -puu#u, = 0 (entropy condition),
where ua, p, and p are the components of velocity, the pressure, and the density, respectively, and -y is the usual gas constant.' As written, equations (1), (2), and (3) are referred to a system of rectangular co-ordinates xA. Now these equations are strictly invariant under the point transformation xa = axa', where a is a constant, combined with the identical transformation ua = ua', p = p', and p = p' of the velocity components, the pressure, and the density, respectively. It is assumed that we are dealing with a specific gas, so that y is constant throughout the discussion.
If F(x) = 0 represents a shock surface in the original flow, this equation will be transformed by the above relation xa = axa' into an equation F'(x') = 0, which gives a shock surface in the transformed flow. In fact, a point P contiguous to the surface F = 0 is transformed into a point P' contiguous to F' = 0, such that the velocity, pressure, and density are the same at the two points P and P'. In addition, it is easily seen that va = vs', where va and vat are the components of the unit normal vectors to the surfaces F = 0 and F' = 0 at the points P and P', respectively. Hence it follows that the shock conditions are satisfied over the surface F' = 0 if these conditions are satisfied over the surface F = 0.
In the case of a configuration consisting of a shock produced by a body in a uniform supersonic stream, it is easily seen that the incident flow will be left unaltered by the above point transformation and the associated transformation of the hydrodynamical quantities.2 We shall now apply this simple consideration to deduce the structure of the equation for the distance D of the detached shock from the center of a sphere (or circular cylinder) of radius R placed in a uniform stream of Mach number M (>1). The method can also be used to obtain the form of the relationship between R, M, and the curvature K at the nose or vertex of the detached shock. Since these formulas are exact, they permit at least a partial experimental check on the applicability of equations (1), (2), and (3) independent of any of the special or simplifying assumptions which have been used in the theoretical treatment of detached shocks.
2. To fix our ideas, consider the case of a circular profile of radius R in a uniform supersonic stream. Denote by S the shock line which is produced in front of the profile, and let D be the distance from the vertex of S to the center of the profile. Also denote by pi, P1, and W the constant values of the pressure, density, and velocity in the uniform stream. Assuming that equations (1), (2), and (3), combined with the shock conditions, which we do not need to consider explicitly, give a unique solution of this free boundary problem, it is evident that the distance D must be a function of the quantities pi, p1, y, W, and the radius R of the profile. Hence we can write
But M2 = plW2/ypl, or pi = plW2/1y M2. Using this relation, we can eliminate pi from the right-hand member of equation (4) (1), (2), and (3) for the solution of this flow problem.
3. Denoting by K the curvature of the shock at its vertex for the case of a circular profile in a supersonic stream, the preceding discussion can be applied to show that K iS given by an equation of the form K = g('y, M)/R. Thus the curvature of the shock at its vertex is proportional to the curvature 11R of the circular profile, the coefficient of proportionality depending on the gas constant -and the Mach number M of the uniform stream. A similar result evidently holds for the sphere when K is interpreted as the curvature of the curve of intersection of the shock surface with a meridian plane through the axis of symmetry. The extension to derivatives of the curvature of higher-order is obvious. the function g(-y, M) in section 3. Presumably these functions are different for the cases of the circular profile and the sphere which have entered into this discussion. Unfortunately, there appears to be no way to determine these functions short of the actual solution of this free boundary value problem, and the attempts which have been made in the literature to construct a function for the distance D involve one or more questionable hypotheses.
Prepared under a joint ONR-OOR contract with Indiana University. 2 In view of the above facts and also the fact that the infinite wedge is left unaltered by the transformation xa = ax,,', it has been pointed out by D. Gilbarg that there will be indefinitely many solutions of the detached shock problem for the case of the wedge in a given supersonic stream, provided that a single solution exists. On this basis he has questioned the possibility of the existence of a solution of eqs. (1), (2) We call attention in this note to a few theorems concerning connected linear graphs. The first two theorems give formal ways of finding the number of distinct trees that can be found in a specific graph, while the third gives a method of specifying each of these trees. Two dual theorems are given concerning complements to trees.
Recently the author learned that some of these theorems had been discovered independently. However, they were published in bulletins not generally available in this country and hence are not well known. Since they are of importance in certain problems in applied mathematics, it seems worth while to present them here with different and shorter proofs.
Assume that we have a connected linear graph which contains j3 branches and (v + 1) nodes or junction points. Let the branches be numbered arbitrarily and designated by the symbols bi, b2, ..., ba. In the same manner, let the nodes be designated by the symbols ni, n2, ..., nv+'. Furthermore, let a direction be assigned arbitrarily to each branch by affixing an arrowhead to each of the branches. The graph can be specified, as is well known,2 by constructing a rectangular matrix H of order (A X v + 1), where the elements of the matrix are assigned as follows. Let 7jk be an element which occupies the jth row and kth column of 7r. Then 7rJk = 1 if the jth branch leaves the kth node, = -1 if the jth branch enters the kth node, and -0 if the jth branch does not intersect the kth node.
